We study the structure of resonance states localized around nonmagnetic impurities in the CuO 2 planes of the cuprate superconductors within a potential scattering formalism. In particular we show that strong quantum interference effects arise between several impurities. This interference can be utilized to distinguish the dwave superconducting state from the phase with d-density wave order. This is important if the origin of the pseudo-gap state in the underdoped regime of the High Tc superconductors is caused by preformed Cooper pairs or staggered orbital currents. Furthermore impurity interference can be utilized to reveal subdominant superconducting order parameters and to pose further constraints on the potential scattering scenario.
For conventional superconductors Yu and Shiba [1] first showed that as a result of the interaction between a magnetic impurity and the spin density of the conduction electrons, a bound state located around the magnetic impurity is formed inside the gap in the strong-scattering (unitary) limit. For anisotropic superconductors a number of authors generalized the Yu-Shiba approach to study the effects of single impurities [2] .
Many important questions concerning the electronic structure of the High T c materials still need to be answered. The study of single impurity effects provide a promising path to yield some answers. This is mainly due to the large experimental progress in low temperature scanning tunneling microscopy (STM). In particular, STM measurements have provided detailed local density of states (LDOS) images around single nonmagnetic [3, 4] (Zn) and magnetic [5] (Ni) impurities on the surface of the high temperature superconductor Bi 2 Sr 2 CaCuO 4+δ (BSCCO). More recently the energy dependence of the Fourier transformed LDOS images was measured in the superconducting state of optimally doped BSCCO [6] . The dispersive features were explained by elastic quasi-particle interference resulting from a single weak, nonmagnetic impurity [7] . This gives credence that a scattering potential picture can yield valuable predictions in the superconducting state of these materials. Furthermore, it was recently shown by Martin et al. [8] that both the energetics of the resonance state and its spatial dependence around a strong potential scatterer (e.g. Zn) can be accounted for by including the tunnelling (the filter) through excited states from the CuO 2 planes to the top BiO layer probed by the STM tip. In order to obtain agreement with the measured LDOS one needs to attribute a large negative potential to the Zn site in agreement with the filled d shell of this atom; the potential will strongly repel holes, i.e. attract the electrons.
Experimentally there is also evidence from NMR measurements that magnetic moments are induced around nonmagnetic impurities [9] . In this paper we assume, however, that the large potential scattering off the impurity site itself is dominating the final LDOS.
Future experimental ability to control the position of the impurities on the surface of a superconductor and perform detailed STM measurements around multiple impurity configurations motivates theoretical studies of the interference between the impurity wavefunctions. For instance, this involves the physics of quantum mirages [10] and impurity effects in superconductors [11, 12, 13] . Below we compare the expected LDOS around one and two strong nonmagnetic impurities. Our main results are the following: 1) investigation of the LDOS around two impurities can pose strong constraints on the potential scattering model, 2) quantum interference can be utilized as an alternative method to detect small subdominant superconducting order parameters, and 3) quantum interference between two nonmagnetic impurities may easily distinguish between the d-wave superconducting (DSC) and d-density wave (DDW) states. The DDW state was recently proposed as a model for the pseudogap state of the cuprates [14] . Any difference in the impurity modified LDOS between the DSC and DDW states may reveal the hidden DDW order and distinguish between the scenario of preformed pairs versus staggered orbital currents as the origin for the pseudo-gap state [15] . Recently, there has been several other proposals to probe the DDW order in the cuprates [14, 16] .
In attempting to make better contact to the experiments we include the tunneling through excited states from the CuO 2 planes to the BiO layer probed by the STM tip [8] . This effect modifies the LDOS, ρ(r, ω) = n |ψ n (r)| 2 δ(ω − n ), by including the four nearest Cu neighbors in the underlying CuO 2 plane, ψ n (r) −→ ψ n (r + e x )+ψ n (r−e x )−ψ n (r+e y )−ψ n (r−e y ). Here e i denote the unit vectors in the CuO 2 layer. The presence of scalar impurities is modelled by the following delta-function potentialŝ
wheren iσ is the density operator on site i. Here {i} denotes the set of lattice sites hosting the impurities and U i is the strength of the corresponding effective potential. In agreement with the above discussion the impurities are modelled with a potential, U = −15t, corresponding to -4.5eV, which generates resonances at a few meV for a single nonmagnetic impurity [8] . The large scale of this potential renders the effects on the LDOS from corrections to other energy scales around the impurity site less important. For instance, we have checked that gap suppression near the impurity or slightly larger spatial extension of the impurity does not qualitatively affect the results reported below. In general these effects tend to push the resonances slightly further toward zero bias. The full Greens functionĜ(r, ω) can be obtained by solving the Gorkov-Dyson equation
where G 0 is the Greens function for the clean system. The differential tunnelling conductance is proportional to the LDOS which in turn is determined from the imaginary part of the full Greens function. The size of the matrices in Eqn.
(2) depends on the number of impurities and the dimension of the Nambu space. We have previously utilized this method to study the electronic structure around impurities and vortices that operate as pinning centers of surrounding stripes [13, 19] . The clean Greens functionĜ
whereτ ν denotes the Pauli matrices in Nambu space,τ 0 being the 2 × 2 identity matrix, and ω n is a Matsubara frequency. For a system with d
Below, ∆ 0 = 50meV and the lattice constant is set to unity. The large value of the gap ∆ 0 corresponds roughly to the experimentally measured maximum gap in the underdoped regime of BSCCO. In agreement with photoemission we use a normal state dispersion
with t = 300meV, t = −0.3t and µ = −0.9t which is relevant for BSCCO around 10% hole doping. In Eqn. (4) (t ) t refers to the (next)nearest neighbor hopping and µ is the chemical potential. Since it remains controversial which band applies to the DDW state [15] we also study the nested band, t = 0.0 and µ = 0.0. In fact both cases may be relevant given the recent detection of strong spatial inhomogeneity in the density of states [18] .
In the DSC state, the resonance condition 1 = U Re[G 0 (0, ±iω n )] for a single nonmagnetic impurity generates virtual bound states at positive and negative energies with respect to the Fermi level. However, the majority of the quasi-particle weight may reside on only one of these resonances [13] . It is evident from Fig. 1 that indeed only one resonance has weight which is contrary to the situation without the filter [15] . For interference between two nonmagnetic unitary impurities Morr et al. [11] found strong variations in the LDOS as the distance between the impurities R is varied along one of the crystal axes. In the following we elaborate on the discussion of two nonmagnetic impurities in the DSC phase by a numerical study of the LDOS including the filtering effect. In Fig. 2 we show the density of states measured above one of the impurities fixed at the origin while the other is moved away along the nodal (a) or anti-nodal (b) direction. As expected for a d x 2 −y 2 -wave superconductor, the length scale at which the single-impurity DOS recovers is much larger along the nodal directions. The single impurity DOS is obtained for R well above 100 lattice constants. Thus only for impurity concentrations below 0.1% does the LDOS correspond to the expected result from a single strong nonmagnetic impurity. For weaker scatterers the decay length will be considerably reduced. For two impurities fixed at (±1, 0) and the STM tip scanned from (0, 0) to (8, 0), Fig. 3 Thus strong interference between the impurity wavefunctions survive the filtering effect and pose new constraints on the potential scattering scenario versus more strongly correlated models [17] .
In the following we show how the interference between unitary scatterers is strongly affected by the induction of a small subdominant superconducting order parameter. Thus one may utilize the quantum interference between several impurities as an alternative method to detect a small subdominant order parameter. For instance, tuning through a quantum phase transition from a d x 2 −y 2 to a d x 2 −y 2 +id xy superconductor at a critical doping level or magnetic field strength, a small d xy order could qualitatively alter the interference pattern. For ∆ xy (k) = ∆ 0 xy sin(k x ) sin(k y ) with ∆ 0 xy =2.5meV, we compare in Fig. 4 the LDOS to the situation when ∆ 0 xy =0. Also we show the difference between d + id and d + is pairing symmetry for these impurity configurations (∆ 0 s = 2.5meV). For most spatial configurations the secondary pairing (id or is) leads to a sharpening of the resonances but at particular positions there is a qualitative difference as shown in Fig. 4 . For instance, the induction of d+id pairing (Fig. 4b) can result in three apparent resonances contrary to the ground state with pure d x 2 −y 2 -wave pairing (Fig. 4a) . Similarly, by comparing the LDOS at (1,1) (dashed lines) in Fig. 4d-f , it is evident that the interfering scatterers can provide a clear distinction between d+id and d+is pairing. Information of the induction of local order around the impurities can also be inferred from STM measurements of specific impurity configurations.
We turn now to the DDW state with the mean-field Hamiltonian given by [14] 
where Q = (π, π) and 
This leads to the following Greens function
summed over the reduced Brillouin zone. In the DDW phase the single impurity resonance condition, 1 = U Re[G 0 (0, iω n )], has been previously studied without the filtering effect [15] . In Fig. 5a -b we show the LDOS in the DDW state for the two different sets of band parameters including the filter. In the nested case (Fig. 5a ) the expected single resonance is clearly seen. The tunnelling filter shifts the LDOS maximum from the nearest neighbors to the impurity site and induce a second maximum on the nextnearest neighbors. This weight redistribution is identical to the situation in the DSC phase [8] . Thus when comparing Fig. 1a and 5a it is clear that a single nonmagentic impurity cannot easily distinguish the DSC and DDW phases. Another difference between the DSC and DDW states is the position of the resonance in the unitary limit, U → ∞. For the DDW phase the resonance energy approaches minus the chemical potential, ω = −µ, whereas it approaches the Fermi level in the DSC phase [15] . The different resonance energy (as U → ∞) arises from the way the chemical potential enters the bands of the clean DDW ( [15] . This also results in a large overlap between the impurity resonance and the continuum when µ = 0 in the DDW state. Thus the peaks in Fig. 5b are not impurity resonances but the shifted gap edges (note energy range). The impurity can however slightly modify the amplitude of these peaks. This is also evident from the two impurity case shown in Fig. 6b . As expected the quantum interference is very weak but clearly distinct from the equivalent impurity configurations in Fig. 3 . This is contrary to the nested case shown in Fig. 6a . Here there is strong quantum interference between the two nonmagnetic impurities. However, by comparison with Fig. 3a it is clear that the additional resonance states in the DSC again allows one to distinguish this phase from the DDW order. In summary we propose that a systematic study around two nonmagnetic impurities can clearly distinguish the DSC and DDW phases. The impurities are modelled as potential scatterers and the results pose further tests on this approach. It would also be interesting to study similar multiple impurity interference effects within other pseudo-gap models and within other proposed scenarios for the resonances around nonmagnetic impurities in d-wave superconductors.
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